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It's still the same old story = Where we look at our theory so far

Helmholtz Theorem

Theorem (Informal)

If the divergence (V - F)(r) and the curl (V X F)(r) of a vector function
F(r) are specified, and if they both go to zero faster than 1/r? asr — oo,
and if F(r) goes to zero as r — oo, then F is given uniquely by

F=-VU+V XW,

where U and W are given by

Ur) = ! /—(V.F)(r/) dr’, W(r) = i/—(V x B)(r) dr'.

“4r) -7 4m [r — ']
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It's still the same old story = Where we look at our theory so far

Not Helmholtz Theorem

Let E be a curl-less field and let B be a divergenceless field. Then we may
write them as

E=-VV, B=VXxXA
where V' and A are given by
. / /
V(I‘) _ ]' / (V E)(r ) d7_/7 A(I‘) _ 1 / (V X B)(r ) dT/.

“an ) e “an) e
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It's still the same old story = Where we look at our theory so far

Static potentials

Curl-less electric field

VXE=0
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Static potentials

Curl-less electric field

VXE=0

Static potential

E=-VV

1 p(r',t) .,
£ = d
Vo) = e o= &7
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Static potentials
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It's still the same old story = Where we look at our theory so far

Static potentials

Curl-less electric field Divergenceless magnetic field

VXE=0 V-B=0
B=V xA

V ,t d’ T
(r 4weo/ Hr—r’H 00 / ||r—r'||
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A fight for love and glory = When it is time for an update

Maxwell's Equations

In the beginning, God said

v.E=L
€0
V-B=0
1
VxE:—a—B (1)
ot
OE
VXB—MQJ—’_MOEOE
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A fight for love and glory = When it is time for an update

Maxwell's Equations

In the beginning, God said

v.-E="
€0
V-B=0
5 1
VxE:—(),—B ()
ot
OE
VXB:MQJ—’_MOEOE
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A fight for love and glory = When it is time for an update

Dynamic potentials

B keeps being divergenceless

B=VXxA
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A fight for love and glory = When it is time for an update

Dynamic potentials

B keeps being divergenceless

B=VXxA

Faraday and Helmholtz can be friends
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A fight for love and glory = When it is time for an update

A new PDE

Bringing Gauss' Law into the game

v.E-L E-_vy_-94
€0 ot
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A fight for love and glory = When it is time for an update

A new PDE

Bringing Gauss' Law into the game

v.E-L E-_vy_-94
€0 ot

You've unlocked a new equation!

0 P
2

Z(V-A)= "
VIV 4+ 2 (V- A) o
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A fight for love and glory = When it is time for an update

Another new PDE

Bringing Ampere-Maxwell's Law into the game

OE 0A
VXB—HOJ-F,U/(]GQE, E__VV_§7
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A fight for love and glory = When it is time for an update

Another new PDE

Bringing Ampere-Maxwell's Law into the game

E A
VXB:,LL()J-I-/L(]Goaa—t, E:—VV—%—t, B=VXxA

Time for some hard work

0 0A
V X (V X A) :/J,[)J —,uoeg& (VV+ E)

oV 92A
A) = — _ ) = -
V X (VXA)=pod M060V< 5 ) Ho€0 55
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A fight for love and glory = When it is time for an update

Another new PDE

Time for some hard work

V X (VXA)=pd— Moeov(a—‘t/) - MOGO%I}
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A fight for love and glory = When it is time for an update

Another new PDE

Time for some hard work

V X (VXA)=pd— Moeov(a—‘{) - NOGO%I}

Vector calculus identity

V X (VxF)=V(V-F)—VF
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A fight for love and glory = When it is time for an update

Another new PDE

Time for some hard work
V X (VXA)=pd— NOGOV(B_‘{) - NOGO%Q?A

Vector calculus identity

V X (VxF)=V(V-F)—VF

Now more hard work

oV 0’A
2
V(V : A) — V7A = poJ — NOGOV(E) - MOGOW

2

oV 0“A
V(V-A)+ V(MOEOE) — V%A + MOEOW = pod
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A fight for love and glory = When it is time for an update

Another new PDE

You've unlocked a new equation!

2

oV 0°A
V(V-A)+ V(#Oﬂ)g) — VA + Hof0 g = pod

ov 0’A
v (V A+ MOEOW) — (V2A — /L0€0w) = ,LLOJ

92A oV
<V2A - Mofom) -V (V <A+ MOEOE) = —pod
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A fight for love and glory = When it is time for an update

Electrodynamics written with potentials

In the beginning, God said

9 P

2 o . [ —

VIV + o (V- A) ”
2

(2)
0 A ov
(V2A — M0€0w> -V (V <A+ HOGOE) = —,qu
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A case of do or die Where we take another point of view

Thinking outside the box

Galilean Transformations

In Classical Mechanics, we may choose a reference system:

m Spatial translations
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A case of do or die Where we take another point of view

Thinking outside the box

Galilean Transformations

In Classical Mechanics, we may choose a reference system:

m Spatial translations

m Time translations
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A case of do or die Where we take another point of view

Thinking outside the box

Galilean Transformations

In Classical Mechanics, we may choose a reference system:

m Spatial translations
m Time translations
m Rotations

m Boosts

What are our freedoms?

Can we choose a “reference system” in Electrodynamics?
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A case of do or die Where we take another point of view

Thinking outside the box

The potentials are not unique

Let A’:=A +aand V' :=V +b. Then
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A case of do or die Where we take another point of view

Thinking outside the box

The potentials are not unique

Let A’:=A +aand V' :=V +b. Then
EB=VXA=VXA'=Vxa=0
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A case of do or die Where we take another point of view

Thinking outside the box

The potentials are not unique

Let A/:=A+aand V' :=V +b. Then
-B:VXA:VxA’:VXaZO
sE=-VV-2 - vy -9 5 Vb+% =0
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A case of do or die Where we take another point of view

Thinking outside the box

The potentials are not unique

Let A’:=A +aand V' :=V +b. Then
-B:VXA:VxA’:VXaZO

sE=-VV-2 - vy -9 5 Vb+% =0
ma=VJA
" Vo+2=V(b+2%)=0
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A case of do or die Where we take another point of view

Thinking outside the box

The potentials are not unique

Let A’:=A +aand V' :=V +b. Then
-B:VXA:VxA’:VXaZO

sE=-VV-2 - vy -9 5 Vb+% =0
ma=VJA
" Vo+2=V(b+2%)=0

b= —%-i-l-i(t)
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A case of do or die Where we take another point of view

Thinking outside the box

The potentials are not unique

Let A’:=A +aand V' :=V +b. Then
-B:VXA:VxA’:VXaZO

sE=-VV-2 - vy -9 5 Vb+% =0
ma=VJA

n Vo+2=V(b+%)=0

mb=— 8t—|—/~€()

We may let k(t) be part of A
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A case of do or die Where we take another point of view

Gauge freedom

There is symmetry in the potentials!

A=A+ VA

) (3)
/— [ —
Vi=V ot
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A case of do or die Where we take another point of view

Gauge freedom

There is symmetry in the potentials!

A=A +VA

) (3)
/— [ —
Vi=V ot

We may choose the value of V - A

V-A'=V-A+V2\
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A case of do or die Where we take another point of view

Coulomb gauge

Choosing the gauge

V.A=0
vy =-£
€° (4)
<V2A — Ho€o %2;2) — poeoV (%—‘;) = —poJ
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A case of do or die Where we take another point of view

Lorenz gauge

Choosing the gauge

VA= -y

In the beginning, God said

2
V2V — igeo oy = 2
at €0 (5)
82
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The world will always welcome lovers Where we find the couple of retarded potentials

Reviewing the potentials

What do we have so far?

m How to calculate the static potentials
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The world will always welcome lovers Where we find the couple of retarded potentials

Reviewing the potentials

What do we have so far?

m How to calculate the static potentials

1
v Ho€o

m The information travels at a speed ¢ =
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The world will always welcome lovers Where we find the couple of retarded potentials

Reviewing the potentials

What do we have so far?

m How to calculate the static potentials

1
v Ho€o

m The information travels at a speed ¢ =

m Imagination
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The world will always welcome lovers Where we find the couple of retarded potentials

Reviewing the potentials

What do we have so far?

m How to calculate the static potentials

1
v Ho€o

m The information travels at a speed ¢ =

m Imagination

Could we calculate the present potentials with retarded times?

R
C

Uy =1 =—, REHI'—I"H
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The world will always welcome lovers Where we find the couple of retarded potentials

Resolution proposal

Static potentials

Vim g [ pgrg ot [T,

4meq R
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The world will always welcome lovers Where we find the couple of retarded potentials

Resolution proposal

Static potentials

1 / /
V(r,t) = 47760/”(‘;%’” dr', A(r,t)= @/J(r)dr’

Dynamic potentials

/ R / R
_R Jr'.t— B
V(rjt) 1 /p(r 5 c) dT/, A(I‘,t) _ 57?-/ (I‘ 7R c) dTI
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The world will always welcome lovers Where we find the couple of retarded potentials

Can it solve the wave equation?

Riemann's proof (for the scalar potential)

m Let V =V; LUVs, where V is the volume in which we integrate and
rc Vl
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The world will always welcome lovers Where we find the couple of retarded potentials

Can it solve the wave equation?

Riemann's proof (for the scalar potential)

m Let V =V; LUVs, where V is the volume in which we integrate and
rc Vl

m Let V7 and V5 be the “partial potentials”, i.e.,

1 p(r’,t— E) /
A 7t = “~d
V(1) 4d1eg /v R 4
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The world will always welcome lovers Where we find the couple of retarded potentials

Can it solve the wave equation?

Riemann's proof (for the scalar potential)

m Let V =V; LUVs, where V is the volume in which we integrate and
rc Vl

m Let V7 and V5 be the “partial potentials”, i.e.,

1 p(r’,t— E) /
A 7t = “~d
V(1) 4d1eg /v R T

m Notice that V =V + V5
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The world will always welcome lovers Where we find the couple of retarded potentials

Can it solve the wave equation?

Riemann’s proof (for the scalar potential)

m Let Vi be very small. Then
R
p <r’,t - z) — p(r',t)

! p(c'st) o
t) = d
V].(r7 ) 477'60 /Vl R T
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The world will always welcome lovers Where we find the couple of retarded potentials

Can it solve the wave equation?

Riemann’s proof (for the scalar potential)

m Let Vi be very small. Then
R
p <r’,t - —) — p(r',t)
c

! p(c'st) o
t) = d
V].(r7 ) 477'60 /Vl R T

m 17 is the static potential! Therefore,

vy, = -2

€0
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The world will always welcome lovers Where we find the couple of retarded potentials

Can it solve the wave equation?

Laplacian in spherical coordinates

V2£—l£(2%)+ 1 g( %)_’_ 1 825

“2ar\" or 2snfag\> 99 r2sin? 0 92
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The world will always welcome lovers Where we find the couple of retarded potentials

Can it solve the wave equation?

Laplacian in spherical coordinates

V2£—lﬁ(2%)+ 1 8 ( %)_’_ 1 825

“2ar\" or 2snfag\> 99 r2sin? 0 92

Riemann’s proof (for the scalar potential)

m R = ||r — r'|| is spherically symmetric around a fixed r’
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The world will always welcome lovers Where we find the couple of retarded potentials

Can it solve the wave equation?

Laplacian in spherical coordinates

V2£—lﬁ(2%)+ 1 8 ( %)_’_ 1 825

“2ar\" or 2snfag\> 99 r2sin? 0 92

Riemann’s proof (for the scalar potential)

m R = ||r — r'|| is spherically symmetric around a fixed r’
= p(r',t— &) /R must be as well
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The world will always welcome lovers Where we find the couple of retarded potentials

Can it solve the wave equation?

Laplacian in spherical coordinates

Vi = lﬁ( 2%) + L 0 (sin&ﬁ) + L 0%

“2ar\" or r2sinf 00 00 r2sin? 0 92

Riemann’s proof (for the scalar potential)

m R = ||r — r'|| is spherically symmetric around a fixed r’
= p(r',t— &) /R must be as well
m The Laplacian gets simplified!
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The world will always welcome lovers Where we find the couple of retarded potentials

Can it solve the wave equation?

Riemann’s proof (for the scalar potential)

m The Laplacian gets simplified!
2(P\ =L 9 (g0 (P
v (R) - R20R <R aR(R)>
1 0 dp
—ﬁ@(RaR P)
L (a0 00 0p
" R2\"OR2 OR  OR

15
 ROR?
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The world will always welcome lovers Where we find the couple of retarded potentials

Can it solve the wave equation?

Riemann's proof (for the scalar potential)

m Back to the potentials, we can see that

1 p (r’, = —R)
V2‘f _ VQ c /
2 47ey /];2 < R dr

_ 1 A r't—E dr’
 4re V2R8R2p ’ c
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The world will always welcome lovers Where we find the couple of retarded potentials

Can it solve the wave equation?

Riemann's proof (for the scalar potential)

m Back to the potentials, we can see that

1 p(r',t—£)
2 2 c /
Vo = ——=|d
Vv 4meg /WV < R T
1 1 02 , R
= — t——|dr
d7eg V2R8R2p<r’ c) T

= However, a function of the form u(t — £) satisfies the
one-dimensional wave equation

9%u 1 9%u

- _ 22
OR?  ¢? Ot?
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The world will always welcome lovers Where we find the couple of retarded potentials

Can it solve the wave equation?

Riemann'’s proof (for the scalar potential)

m Luckily, p (r’,t — %) has this form! Therefore,
2 10
OR2 29t
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The world will always welcome lovers

Where we find the couple of retarded potentials

Can it solve the wave equation?

Riemann'’s proof (for the scalar potential)

m Luckily, p (r’,t — %) has this form! Therefore,
o 10
OR2 29t

m We see now that

1 1 92 R
2 _ - - Y /g Tr /
VV2_47T6002 /VQR(“)tQp(r’t C)dT
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The world will always welcome lovers Where we find the couple of retarded potentials

Can it solve the wave equation?

Riemann'’s proof (for the scalar potential)

m With some mathematical mambo jambo we get that

1 1 92 R
2 / /
;7 ‘/ — — 0 t - dT
2 4Amrepc? /V2 R Ot2 (r ’ c)

102 1 't— B
= _8_ / p(r C) dT/
c? 0t? 4reg )y, R

1%V,
2 Ot?
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The world will always welcome lovers Where we find the couple of retarded potentials

Can it solve the wave equation?

Riemann’s proof (for the scalar potential)

m Finally, if we let V1 — 0, then V5 — V and it will follow that

1 92V

ViV = 5 ——
27 2 o2
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The world will always welcome lovers Where we find the couple of retarded potentials

Can it solve the wave equation?

Riemann’s proof (for the scalar potential)

m Finally, if we let V1 — 0, then V5 — V and it will follow that

1 6%V
ViV = 5 ——
27 292
m We already know that
vy =-£
€0
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The world will always welcome lovers Where we find the couple of retarded potentials

Can it solve the wave equation?

Riemann’s proof (for the scalar potential)

m Finally, if we let V1 — 0, then V5 — V and it will follow that

1 6%V
ViV = 5 ——
27 292
m We already know that
vy =-£
€0

m Let's add them up!
10°V  p

2 2 2
=V +Vp=5— - &
VWV + VoV, =V + 13 202 e
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The world will always welcome lovers Where we find the couple of retarded potentials

Can it solve the wave equation?

Riemann’s proof (for the scalar potential)

m Through this process, we finally get that, indeed,

1 0%V P
2¢, 1OV _ P
vV c? Ot? €0
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The world will always welcome lovers Where we find the couple of retarded potentials

Can it solve the wave equation?

Riemann’s proof (for the scalar potential)

m Through this process, we finally get that, indeed,

1 0%V P
2¢, 1OV _ P
vV c? Ot? €0

m The proof for A is analogous
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The world will always welcome lovers Where we find the couple of retarded potentials

Can it solve the wave equation?

Riemann’s proof (for the scalar potential)

m Through this process, we finally get that, indeed,

1 0%V P
2¢, 1OV _ P
vV c? Ot? €0

m The proof for A is analogous

m The argument also holds for t, =t + i—?
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As time goes by ~ Where we find Jefimenko's Equations

Why care about checking?

Intuition seems to fail for the electromagnetic fields

/ b
B(r,t) # — /p(r’t_C)RdT’

47eq R?

J(r’,t—ﬂ) x R

c

R2

B(r,t) # Z—fr dr’
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As time goes by ~ Where we find Jefimenko's Equations

Why care about checking?

Intuition seems to fail for the electromagnetic fields

1 p(r, —% .
E(r,t)7é47r60/ ( 2 )RdT’

J(r’,t—ﬂ) x R

c

R2

What did we do wrong?

“Where physical intuition can’t go, we bring math, i.e., we bring math
almost everywhere.”

B(r,t) # Z—;; dr’
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As time goes by ~ Where we find Jefimenko's Equations

Retracing our steps

What did we do right?

m Express the potentials in the Lorenz gauge
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As time goes by ~ Where we find Jefimenko's Equations

Retracing our steps

What did we do right?

m Express the potentials in the Lorenz gauge
m Find the source terms in the wave equations

m Use the knowledge that information propagates at a speed ¢
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As time goes by ~ Where we find Jefimenko's Equations

Retracing our steps

What did we do right?

Express the potentials in the Lorenz gauge

Find the source terms in the wave equations
m Use the knowledge that information propagates at a speed ¢

m “Solve” the inhomogeneous three-dimensional wave-equation and
pretend we didn't notice
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As time goes by ~ Where we find Jefimenko's Equations

Retracing our steps

What did we do right?

m Express the potentials in the Lorenz gauge
m Find the source terms in the wave equations
m Use the knowledge that information propagates at a speed ¢

m “Solve” the inhomogeneous three-dimensional wave-equation and
pretend we didn't notice

m Fix the static case
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As time goes by ~ Where we find Jefimenko's Equations

Electromagnetic waves

Exercise

Use Maxwell's Equations and the following identity

V X (VXF)=V(V.F)-VF

to prove that

10°E  Vp oJ
VIE - S = L e
2 8t2 €0 Ho ot (6)
; 1 0°B
VB - 55 = —mV X J
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As time goes by ~ Where we find Jefimenko's Equations

Back to intuition

Same equation, same rules

The solutions to the wave equations should be (and are, indeed)

1 (Vo (-8, 19 RY .,
E(I‘,t)——4ﬂ_€0/ R dr —_— E&J z dr

B(r, ) = 4W/(VXJ>I(; t__) dr’

(7)
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As time goes by ~ Where we find Jefimenko's Equations

The Road to E-dorado

Rewriting (Vp) (', t,)
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As time goes by ~ Where we find Jefimenko's Equations

The Road to E-dorado

From now on, we will write | x| to denote x(r/,¢.), i.e., | x] denotes the
retarded y

Substituting in E
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The Road to E-dorado

Stokes' Theorem

/VTdT:f TdS
% 2%
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As time goes by ~ Where we find Jefimenko's Equations

The Road to E-dorado

Stokes’ Theorem

/ VTdr= f TdS
v oV
Back to the gradient

e = [ (7)) - w ()]
fo 8= [ 01 ()
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As time goes by ~ Where we find Jefimenko's Equations

The Road to E-dorado

Back to the gradient

/\)%dT':]{W%dS'—/v[pJV' (%) dr’

Since the integration is carried over all space and the charges vanish when
r — 00, it follows that

/%M:-/M v <%) ar’
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The Road to E-dorado

Jefimenko's Equation for the electric field

0= [ e ig P,
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Who can it B now?

Known solution

B(r,t) = @/ (VXD =) g

 A4rx R
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As time goes by ~ Where we find Jefimenko's Equations

Who can it B now?

Known solution

B(r,t) = @/ (VXD =) g

R

V' x |J]=|VxJ]+V't x BTJJ

:LVXJJ—J-lRX {a—JJ

=|VxJ -+ xR
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As time goes by ~ Where we find Jefimenko's Equations

Who can it B now?

Rewriting (V x J) (r/,t — &)

V’x[szLVxJJ—@xR

Substituting in B

B(r,t) = ZT?/—W; 1 g

:@/V'xLJJJJJXRdH
47 R cR
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As time goes by ~ Where we find Jefimenko's Equations

Who can it B now?

Stokes’ Theorem

/Vder:—j{ T x dS
% )%

Back to the curl

/de#:/vle (%)dT’—i—/V'_JJ x V' (%)dT’
:—jgv%xds’Jr/];LJJxV’(%)df’
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As time goes by ~ Where we find Jefimenko's Equations

Who can it B now?

Back to the curl

/vwdT’:_?{?v%XdS,—i_/vL‘” x V'’ (%)dﬂ'/

Since the integration is carried over all space and the currents vanish when
r — 00, it follows that

Ul g
ds' =0
R X

/—V/;(%LJJ&:I/T’/LJJXV’<%>dT’
LTI v
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Who can it B now?

Jefimenko's Equation for the magnetic field

J
7 J .
B(r,t):ﬁ/ LR—QJJF% x Rdr’
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A solution to Maxwell’s Equations

Jefimenko's Equations

1 s e BT
E(r,t)—4mo/ LR LR dr

J
I J N
B(r,t):ﬁ/ %—g%—% x Rdr’

\
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Starting over

What about the potential formulation?

One might use the retarded potentials and the identities

E:—VV—%—"?, B=V x A

to obtain Jefimenko's Equations
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Final remarks

Jefimenko's Equations

m The electromagnetic fields are generated directly by the charges and
currents
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Final remarks
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m The electromagnetic fields are generated directly by the charges and
currents

m The treatment must be more carefull than the one used to obtain the
retarded potentials
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Final remarks
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m The electromagnetic fields are generated directly by the charges and
currents
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retarded potentials

m Reduce to Coulomb’s and Biot-Savart's Laws in the static limit

Physical intuition

m Valuable, but dangerous
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Final remarks

Jefimenko's Equations

m The electromagnetic fields are generated directly by the charges and
currents

m The treatment must be more carefull than the one used to obtain the
retarded potentials

m Reduce to Coulomb’s and Biot-Savart's Laws in the static limit

Physical intuition

m Valuable, but dangerous

m When used without the appropriate mathematical care, may lead to
doubtful - i.e., false - results
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