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1 Tempered Distributions

The goal of this text is to understand tempered distributions under the light of the theory
of locally convex spaces. In order to do so, let us begin by defining what we mean by a
tempered distribution.

Definition 1 [Functions of Rapid Decrease and Schwartz Space]:
Let f: R™ — R be a smooth function. f is said to be a function of rapid decrease if, and
only if, it holds that

sup [p(x)D*f(x)| < +o0 (1.1)
xeR™
for every polynomial p(x) = p(x1,...,xn) and every multiindex « € Nj.
The collection of all functions f: R™ — R of rapid decrease is named Schwartz space
and usually denoted by .(R™) - or simply .. [ )

This definition is often stated in a different way. [1, 2], for example, require

lim p(x)D*f(x) =0, (1.2)
lIx[|—+o00
which is equivalent to the condition we required on Eq. (1.1).

Since f is smooth, all of its derivatives are continuous. The image of a compact set
through a continuous function is compact, and by the Heine-Borel Theorem this implies
the image of any closed, bounded set K € R™ under p(x)D*f(x) is a closed, bounded subset
of R. As a consequence, p(x)D*f(x) can only escape to infinity when ||x|| — +oco. Non-
constant polynomials always escape to infinity for ||x|| — +oo. Therefore, if D*f(x) — A
for some non-vanishing A, then p(x)D*f(x) will escape to infinity at |[x| — +oo. If
p(x)D*f(x) — A # 0 for |x|| = +oo, then x - p(x)D*f(x) will escape to infinity. Thus,
Eq. (1.2) is implied by Eq. (1.1). If Eq. (1.2) holds, then the fact that p(x)D*f(x) can only
escape to infinity when ||x|| — +oo ensures Eq. (1.1).

Proposition 2:
Let f: R™ — R be a smooth function. f is of rapid decrease if, and only if,

Il o p = sup ‘X“Dﬁf(x)‘ < 4o00,Ya, B € Ny, (1.3)
’ xeR™
where ||-|| denotes the Euclidean norm in R™ and x* = [ [{—; x{™. O



Proof:

Assume f € . and let € N}. Then sup, . [p(x)DFf(x)| < +00 for every polyno-
mial p(x) = p(x1,...,%xn) and every multiindex 3 € Nj. Pick the polynomial p(x) = x*.
It follows that |||, s < +oo.

Let us assume now that ||f||, 5 < +o00,Va, B € Ny. Notice that a polynomial in n
variables p(x) can always be written in the form p(x) = >;{"; a;x®t for some m € N,
appropriate multiindices «; € N} and coefficients a; € R. Notice that given 3 € Ny, it
holds Vx € R™ that

b

aix*DPf(x)

s

Il
-

[p()DPf(x)| =

1

< Iai||x“iDBf(x)‘. (1.4)

13

I
-
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If we take the supremum on each side, it follows that

sup [p(x)DPf(x)| < sup {i laillx“iDBﬂx)\}»

xeR™ xeR™ | {=1
m
< Z lai| sup ‘x“iDBf(x)L (1.5)
i=1 xeR™

Hence, sup, gn [p(x)DPf(x)| is less than or equal to a finite sum of finite terms.
Therefore, sup,, gn ’p(x)DBf (x)] < 400, and we conclude f € .. [ |

Theorem 3:
Consider the space .7 of functions of rapid decrease. Let f,g € ., A € R. The following
statements hold

LA fllg, g =N ([l g,V o, B e NG5
i [If+9llap < Iflla,p + 19lla,ps ¥, B € NG
iii. & is a real vector space;
iv. [[fllep=0Ve,peNy=f=0. O

Proof-:
Let A € R. Notice that, for any f € .7,

IN-flla,g = sup [x*DP (- )(x)],
xXeR™
= sup P\-X“Dﬁf(x)‘,
xeR™
= sup |7\||X“Df5f(x)‘,
xeR™
= [Al- sup ‘X‘XDBf(X)‘,

xeR™

= - (]l - (1.6)



Let now g € .. With f defined as before, we see that

If + glla.p = sup x*DP(f + g)(x)],
sup |x*(DPf(x) + DFg(x))|. (1.7)

xeR™

Notice that, V x € R™, it holds that
x*DPf(x) + x*DPg(x)| < [x*DPf(x)| + |[x*DPg(x)|. (1.8)

Thus, we may take the supremum on both sides and see that

sup ‘X“Dﬁf(x) +X“Dﬁg(x)‘ < sup UX(XDBf ‘ ‘XCXDB (x )H,
xeR™ xeER™
If + glla,p < sup [[x*DPF(x)| + [x*DPg(x)|],
xeRM
< sup ]x"‘Dﬁf(x)| + sup }X“Dﬁ'g(x)‘,
xeRM™ xeR™
= [Ifllo,p + 19l p- (1.9)

This not only proves that [A- o 5 = N - £l and [+ gllop < [Fllap + I9llap
but also that .7 is closed under pointwise addition and mult1phcat10n by scalar since
finiteness of ||f||, p and [/g||, g implies finiteness of [|f +A-gll, 5. Since 0 € 7 - for
constant functions are smooth and [[0[[ , s = 0-and the space €*°(R™) of smooth functions
f: R™ — Ris a real vector space, we see . is a linear subspace of C*°(R™).

Suppose f € . is such that |f[|, 5 = 0,V &, B € Ng. Then, in particular, it holds that
[fllo,0 = 0, where the multiindex 0 should be understood as the n-uple (0,...,0). This
means that sup, . [f(x)| = 0. Since sup, pn [f(x)] = [f(y)| = 0,Vy € R™, we conclude
f(y) =0,Vy e R™. [ |

Definition 4 [Tempered Distribution]:

Consider the space . of functions of rapid decrease and let ¢: . — R be a linear
functional. ¢ is said to be a tempered distribution if, and only if, it holds for every function
f e & that

lim o(fn) = o(f) (1.10)

n—+o00
for every sequence (fn) oy € 7" with the property that

Tim [[f — 5 = 0. a1

This definition is equivalent to the one found in [1], but we chose a slightly different
collection of seminorms. [1] uses the functions

[l = sup (1 + [Ix[[) " DF(x)] (1.12)

xeR™



as seminorms, which can make the proof for Proposition 2 a bit more complicated, since
||x|| is not a n-variable polynomial due to the square root in

(1.13)

[3] uses the same choice of seminorms we made, which uses a multiindex instead of a
non-negative integer, but uses the polynomial x* instead of (1 + ||x||)™.
It is common to denote the action of a tempered distribution ¢ on a function f through

(@, T).

2 Formulation in Locally Convex Spaces

Let us now turn our attention to the theory of locally convex spaces. Theorem 3 motivates
us to define the concept of a seminorm.

Definition 5 [Seminorm]:

Let (V,F, +, -) be a vector space, with [F being either the real line or the complex plane.
A function [|-||: V — Ry is said to be seminorm on (V,F,+,-) whenever the following
conditions hold, Vx,y € V:

i [x+yll < Il + [yl (triangle inequality);
ii. [Joc- x|| = led||x]|, ¥V & € F. [ )

One should notice the functions |||, 5 defined on the Schwartz space are seminorms.

From a topological point of view, the notion of seminorm is closely related to that of
a pseudometric. Norms are known to induce metrics. Seminorms are almost norms, but
they fail to ensure that ||x|| = 0 = x = 0. Thus, the “not-a-metric” induced by them fails
to ensure d(x,y) = x = y.

Definition 6 [Pseudometric Space]:
Let M be a set and d: M x M — R, be a function satisfying the following axioms,
Vx,y,ze M,

i. d(x,x)=0;
ii. d(x,y) = d(y,x);
iii. d(x,y) < d(x,z) + d(y,z).
(M, d) is said to be a pseudometric space and d is said to be a pseudometric on M. [ )

Proposition 7:

Let V be a vector space over F, with F being either the real line or the complex plane, and let ||-||
beaseminormon V. Ifwedefined: V — Ry by d(x,y) = ||x — y||, (V, d) is a pseudometric space.
(V, d) is a metric space if, and only if, ||-|| is a norm, id est, if it holds that ||x|| = 0= x =0. O



Anissue arises when dealing with topologies generated by pseudometrics (and hence,
with topologies generated by seminorms): the Hausdorff condition is not ensured in
general unless we have a metric.

Theorem 8:
Let (M, d) be a pseudometric space. Let, V€ > 0,¥Yx € M,

Be(x) = fy e M;d(x,y) < e}. 2.1)
The set
B = {Bc(x);e >0,xe M} (2.2)
is a basis for a topology on M. Furthermore, the topology generated by B is Hausdorff if, and only
if, (M, d) is a metric space. O
Corollary 9:

Let V be a vector space over I, with I being either the real line or the complex plane, and let
||-|| be a seminorm on V. Let T be the topology induced by ||-||. (V,T) is Hausdor{f if, and only if,
||| is a norm. O

The Hausdorff axiom is equivalent to the statement that every net defined on the space
admits at most one limit point, id est, to the uniqueness of limits of nets. Hence, we may
state the following result.

Corollary 10:

Let 'V be a vector space over I, with I being either the real line or the complex plane, and let
||-|| be a seminorm on V. Let T be the topology induced by ||-||. ||-|| is a norm if, and only if, every
net {X«} 1 defined on V has at most one limit point. O

The problem we are having with the present construction is the fact that we are not
providing information on how to separate points. Since d(x,y) = 0 doesn’t imply that
x # Y, we have no criterion to topologically distinguish two given points.

We can solve this issue without requiring a norm if we equip the space with multiple
seminorms (and as a consequence multiple pseudometrics) and impose a condition on the
family of seminorms that allows us to distinguish points from a topological point of view.

Definition 11 [Separate Points]:

Let V be a vector space over F, with I being either the real line or the complex plane,
and let A be a family of indices. For every A € A, let ||-||,, be a seminorm on V. The family
{[[-llx}rep Of seminorms is said to separate points if, and only if, ||x||, = 0,YA e A = x =

0. [ )

Fortunately, as stated in Theorem 3, the seminorms ||-||, 5 separate points.
With these definitions, we might now define what is a locally convex space.

Definition 12 [Locally Convex Space]:
Let X be a vector space over I, with [ being either the real line or the complex plane,
and let A be a family of indices. Let {||-|| } ,c o be a family of seminorms on X that separates



points. (X, {||-[[x}xea) (Which we will usually denote simply as X, whenever {||-|[5},c is
well understood) is said to be a locally convex space. The natural topology on such a space
(which is always supposed to be equipped in it, unless we state otherwise) is the weak
topology that maintains all of the seminorms, the addition of vectors and the multiplication
by scalars continuous. L

We must notice that this construction does ensure the Hausdorff axiom.

Theorem 13:
Every locally convex space is Hausdorff. O

Proof-:

Let (X, {[|-[[x}rcn) be a locally convex space. For each A € A,y € X let pj y(x) =
[x —yll5, Vx € X. Every such function py ) is a continuous function. Indeed, p,,» is the
composition of the functions |[|-||, and x — x —y, which are both continuous in the natural
topology by hypothesis.

Let x,y € X,x # y. We know that there is A € A such that ||x —y||,, # 0 (otherwise,
since the family of seminorms separates points, it would hold that x = y). Let e =
%Hx —y|l. Consider the sets O = p;}\ ([0,€)) and U = p;}\ ([0,€)). Since [0, €) is open
in the relative topology on R, and the functions p, » are continuous, O and U are open.
Since p,,A(z) = ||z — z[[, = 0,Vz € X, it holds that x € O and y € U. We want to prove that
OnU=g. Supposeze O n U.

Since z € O, it holds that ||x — z||, < €. Since z € U, it also holds that ||y —z||, < e.
The triangle inequality yields us that

3e =[x =yl
< =zl + [y =zl
< 2e, (2.3)

which is a contradiction. Therefore, we conclude #z € O n U,idest,O n U = @. This
proves that X is indeed a Hausdorff space. [

If we equip ¥ with the weak topology generated by the seminorms ||-|| g, by vector
addition and multiplication by scalar, then .# is, by construction, a locally convex space.

The name “locally convex space” is motivated by the fact that such spaces admit a
system of nuclei - id est, a neighborhood basis at the origin - comprised exclusively of
convex sets[3].

Proposition 14:
Let (X, {[|llx}ren) be a locally convex space. Let

N awe = {xe X [Ix[ly, < &1 <i<nj. (2.4)

The set M = {Nx,... . Aues M €A T <i<n,e> 0} isasystem of nuclei for the natural
topology on X. O

Let us recall an important result from General Topology[4].



Theorem 15:

Let (X,tx) and (Y, Ty) be topological spaces and f: X — Y be a function. f is continuous
at x € X if, and only if, the net (f(x«)) 4e1 converges to f(x) for every net (x«) 4e1 cOnverging to
X. 0

With this at our hands, we may state and prove the following result.

Proposition 16:
Let (X, {||'l\}xen) be a locally convex space. Let (xu) ey be a net. Given a point x € X, it
holds that x — x if, and only if, [|[xs — x||\, = 0,VA € A. O

Proof:

=: Suppose x4 — x. Theorem 15 guarantees that, since translations are homeomor-
phisms on any linear topological space, xo — x — 0. Since |||, is continuous,
VA e A, it holds, also by Theorem 15, that ||xo — x[|, — 0,VA e A.

< LetNa, . ane = {xeX; x|y, <eVie{i}i_,}and

M= {Nx, . . Auec €ETAMEAViIe{i}{L,,e>0}. (2.5)

Proposition 14 guarantees 91 is a system of nuclei for the natural topology on X. We
also know that Theorem 15 guarantees that, since translations are homeomorphisms
on any linear topological space, xq —x — 0 < Xy — X.

Since |xq — x|, — 0,YA€e A, we know that, given € > 0 and A € A, Jx) €
L|xp —XH}\ € [0,€),VB > . As a consequence, we see that given N € N,
Joe L[xg—x e N,V p > «. Thisis due to the fact that given o, 3 € I, 3y € Ly > «, 3.
Since N is determined by finitely many indices A;, we can use induction to find « € I
with o > «,, for every i.

Since every neighborhood of 0 can be written in terms of such sets N € M1, it follows

that xo — x — 0, proving the result. [ |
Corollary 17:

Consider a sequence (fn )nen € SN Given a function f € ., it holds that limn_, 400 frn =

in the natural topology of " if, and only if, limn_, o0 [[fn — fll 4. s = 0,V o, B € N7 O

In general, the topology generated by a family of seminorms won't be that of a metric
space. Nevertheless, there are some conditions under which this holds[3].

Theorem 18:
Let X be a locally convex space. The following statements are equivalent:

i. X is metrizable;
ii. the topology on X is generated by a countable family of seminorms. O

The seminorms ||-|| «,p generating the topology on the Schwartz space are indexed by
elements of the set NI} x N = Nén, which is a finite Cartesian product of a countable
set. Hence, it is also countable. We see then that the topology on .7 is generated by a
countable family of seminorms, and as a consequence we conclude . is metrizable.



Theorem 19:
A linear functional ¢: ¥ — R is a tempered distribution if, and only if, it is continuous in
the natural topology of .7 O

Proof:
Let us begin by assuming ¢ is a tempered distribution. Given a function f € ., we
know

lim (o, fn) =<, ) (2.6)
n—+oo
for every sequence (f,),,oy € - with the property that
Jim [ = 1l 5 = 0. @7)

Corollary 17 tells us such sequences are precisely the sequences with f,, — f in the
natural topology of .. Therefore, we know limy,_, « (@, fr) = (@, f) for every sequence
(fn)ney converging to f.

We know . is metrizable, and thus there is a metric d: ./ x . — R, that generates
the natural topology on .. The statement on Theorem 15 can be weakend in a metric
space[4]: a function {: . — R is continuous at a point g € .# if, and only if, the sequence
(P, gn))nen converges to (P, g) for every sequence (gn ), oy cONverging to g.

Since limn o (@, fn) = {@, f) for every sequence (fy ),y converging to f, we con-
clude ¢ is continuous at f in the natural topology of .. Since the argument holds for
every f € .7, @ is continuous.

One should notice that all results used in this proof were equivalences, and thus the
same argument holds in the opposite direction. Therefore, if ¢: . — R is a continuous

linear functional, it is a tempered distribution. [ |
Corollary 20:
The topological dual .#" of the Schwartz space .5 is precisely the space of tempered distributions.
]
References

1. Barata, J. C. A. Notas de Fisica-Matemitica http://denebola.if.usp.br/~jbarata/
Notas_de_aula/notas_de_aula.html.

2. Braga, C. L. R. Notas de Fisica-Matemitica: Equagdes Diferenciais, Fungoes de Green e
Distribuicoes (eds Wrezinski, W. F., Perez, J. F., Marchetti, D. H. U. & Barata, J. C. A.)
(Ed. Livraria da Fisica, Sdo Paulo, 2006).

3. Reed, M. & Simon, B. Methods of Modern Mathematical Physics Vol. 1: Functional Analysis
(Academic Press, New York, 1972).

4. Simon, B. A Comprehensive Course in Analysis, Part 1: Real Analysis (American Mathe-
matical Society, Providence, 2015).


http://denebola.if.usp.br/~jbarata/Notas_de_aula/notas_de_aula.html
http://denebola.if.usp.br/~jbarata/Notas_de_aula/notas_de_aula.html

	Tempered Distributions
	Formulation in Locally Convex Spaces

